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Abstract

A totally irregular total k-labeling f : VUE — (1,2,3,...,k}isalabeling
of vertices and edges of G in such a way that for any two different vertices x
and y their vertex-weights wt,(x) # wt;(y) where the vertex-weight wi;(x) =
flx) + Z _f(xz) and also for every two different edges xy and x’y’ of G their

edge- weights wtp(xy) = f(x) + flxy) + f(y) and we(xX'y') = f(x) + f(x'y) +
f(y') are distinct. A total irregularity strength of graph G, denoted by 1s(G)
is defined as the minimum & for which a graph G has a totally irregular total
k-labeling. In this paper, we investigate the total irregularity strength of the
crossed prism, m copies of crossed prism, necklace and m copies of necklace.

Keywords: vertex irregular total k-labeling; edge irregular total k-labeling; total
irregularity strength; n-crossed prism graph; necklace graph.
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1 Introduction

As a standard notation, assume that G = (V, E) is a finite, simple and undirected
graph with p vertices and g edges. A labeling of a graph is any mapping that sends
some set of graph elements to a set of numbers (usually positive integers). If the
domain is the vertex -set (or) the edge- set, the labeling are called vertex labeling
(or) edge labeling respectively. If the domain is V U E then we call the labeling a
total labeling.

In many cases it is interesting to consider the sum of all labels associated with
a graph element. This will be called the weight of an element. The graph labeling
has caught the attention of many authors and many new labeling results appear
every year. This popularity is not only due to the mathematical challenges of
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graph labeling, but also for the wide range of its application for instance X-ray,
crystallography, coding theory, radar, astronomy, circuit, design, network design
and communication design.

Chartrand et al. [8] introduced labelings of the edges of a graph G with positive
integers such that the sum of the labels of edges incident with a vertex is different
for all the vertices. Such labelings were called irregular assignments and the
irregularity strength s(G) of a graph G is known as the minimum & for which G
has an irregular assignment using labels at most .

Baca et al. |7] introduced an edge irregular total labeling and a vertex irregular
total labeling. Ivan¢ o and Jendrol [10] proved that

}. (1)

(E@I+2)] [(AG)+1)
3 ’ 2
Further results on the total edge irregularity strength of the graphs are available in
{1,2,3,4,9, 11, 12,13, 14,26, 27, 28}. Nurdin et al. [21] determined the lower
bound of #vs for any connected graph G.

tes(G) > max{[

Theorem 1.1. [2]] Let G be a connected graph having n; vertices of degree
(i=6,0+1,6+2,...,A) where 6 and A are the minimum and maximum degree
of G, respectively. Then

A
5+ X(n;)
0+ ns S+ ns+ ngyy =8
@ 2 ma [ 2] [Brmeney NN
(G) 2 maxq |52 5+2 A+l 2)

Ahmad et al. [6] showed the lower bound of total vertex irregularity strength
of any graph.

Theorem 1.2. [6] Let G be a graph with minimum degree § and maximum degree

A(G), then .
tvs(G) > maxiAs(g) U(Z =) * 66)]} (3)

i+1
where n; represents number of vertices of degree i in G.

We found [ 16] the total vertex irregularity strength of corona product of some
graphs. Combining the ideas of vertex irregular total k-labeling and edge irregular
total k-labeling, Marzuki et al. [18] introduced the concept of torally irregular
total k-labeling. A labeling h : V(G) U E(G) — (1,2,3,...,k} 10 be a totally
irregular total k-labeling of the graph G if for every two different vertices x and
y the vertex-weights wty(x) # wix(y) where the vertex-weight we,(x) = k(x) +

2. h(xz) and also for every two different edges xy and x'y’ of G the edge-weights

xzeE
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wip(xy) = h(x) + h(xy) + h(y) and we,(x'y’) = h(x’) + h(x'y’) + h(y’) are distinct.
The total irregularity strength ts(G) is defined as the minimum k for which a graph
G has a totally irregular total k-labeling. For the total irregularity strength of a
graph G, they observed that

ts(G) > max (tes(G), tvs(G)) . )

Further information on the total irregularity strength of graphs can be ob-
tained from [5, 22, 23]. In [19] Meilin et al. determined the total irregularity
strength of wheel graph.

tS(W,) = [2";21,:1 >3, (5)

Rismawati Ramdani et al. [24] obtained the total irregularity strength of regu-
lar graphs and observed the following:

Theorem 1.3. [24] Let G be an r-regular connected graph with r > 1. Let f
be an optimal labeling of G such that w(e) < 3tes(G) for every e € E(G) and
we(v) < (r + Dtes(G) for every v € V(G). Then, ts(mG) < m(ts(G) — 1) + 1.

In [15] we found the total irregularity strength of wheel related graphs.

2 Main Results

In this section,we determine the total irregularity strength of the n-crossed
prism, m copies of crossed prism,necklace and m copies of necklace graph. Fur-
ther we show that these graphs admit totally irregular total k-labeling. In addition
we determine the exact value of their total irregularity strength.

Definition 2.1. A n-crossed prism graphs for positive even n is a graph obtained
by taking two disjoint cycle graphs C, and adding edges {aibi,, : 1 <i < n,i=
0(mod2)} and {b;,a;ry : 2 < i £ n,i = 0(mod2)} and a\b,. The n-crossed prism
graph is isomorphic to the Haar graph H2"™' + 2% + 1).

Theorem 22. For n > 4 and is even,then the total irregularity strength of n-
crossed prism graph G, is n+ 1, that is ts(G,) = n+ 1.

Proof. The vertex set V(G,) = {a;,b;,: 1| < i < n} and edge set E(G,) =
(a;a[+1,b;bi+1 1l <i< n} U{ aibiy) 1 <i<nis=s O(m0d2)} U{ b,-,a,-+1 02 <
I < n,i = 0(mod2)} U{ a1b,). Also |V(G,)| = 2n and |E(Gp)| = 3n, by (1), (2) and
(4) we have ts(G) > n+ 1. For the reverse inequality, we define a total labeling
f:VUE->{1,23,...,n+1}.

fla)=n+1,1<i<n

15
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i .
f(bi)='-§],1515n;
flaai) =i,1<i<n

I R ¥ 3} ; . _
f(bibi+')={§:ll, {21 H-F lj;llii,,sn 1

2

2+[4]1-[%], if i=0(mod2),2<i<n~-2

1, if i =0(mod2),i=n;
fbiais)) =n+2—i,i=0(mod2),2<i<n

faibiy) = {

We observe that all the vertex and edge labels are at most n + 1.

The weights of the edges are
wilaiai) =2n+2+10,1 <i<n;

wt(bibi,1)) =2+i,1 <i<n

n+3+]-%], if i=0(mod2),2<i<n-2
n+3, if i=n

wiaibi,1) = {

wilbiai) =20+ 3+ 2] = i1 = 0mod2),2 < i < .
Thus the weights of the edges are pair-wise distinct.
The weights of the vertices are

n+2i+2+[5‘]—[f—+1], if i=0(mod2),2<i<n=2

witla)=<{n+2i+1, if i=0(mod2),i=n
2n+3 +1, if i=1(nod2);
n+s+i-[5) =[5 -14]. if i=00mod2),2<i<n-2
witb) = j:;%-[“—%ﬂ, g
5+2i-[5]-2[4]. if i=1(mod2);3<i<n~1.

Hence all the weights of vertices are distinct. This labeling construction shows
that ts(G,) < n+ 1.Combining with the lower bound, we conclude that ts(G,) =
n+ 1. This completes the proof. Figure | shows a totally irregular total labeling
of crossed prism G . 0

16
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Figure 1: ts(Gyp) = 11

Theorem 2.3. Let G, be a n-crossed prism with 2n vertices and n > 2. Then
the total irregularity strength of disjoint union of m copies of n-crossed prism is
mn+1,m>2.

Proof. The graph mG, has 2mn vertices and 3mn edges and is a 3- regular graph.
From (1) and (3) we get, tes(mG,,) 2 Pﬁ’%ﬂ'—%] and tvs(mG,) 2 [2—"’;‘—-"3]
Therefore from (4) we get

3nm + 2

ts(mGp) > [ 1 =mn+ 1. (6)

By Theorem (2.2), there are no two vertices and edges has the same weight. More-
over, ws(e) < 3tes(G,) for every e € E(G,) and ws(v) < 4dtes(G,) for every
v € V(G,). Hence by Theorem (1.3), we get

ts(mG,) < m(ts(G)-D+1=mh+1-1)+1

=mn+1.

This implies that,
ts(mG,) <mn+1. (7

From (6) and (7) we get
ts(mG,) =mn+ 1.

a

Definition 2.4. Let P be a path of length n — | with vertices labeled from a

17
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to a, along P. The comb Cb, is the tree consisting of P together with vertices
b1,by, b3, ...,b,2 and edges byay through by_,a,.. The necklace graph Ne,
is obtained from Cb, by the adding the edges a\by,a\a,,b1b2,...,bp_3by_> and
bn-2a,. The vertices a; and a, are called end vertices of the Ne,. The necklace
graph Nes is isomorphic to W3,

Lemma 2.5. The total irregularity strength of m copies of necklace graph Nej is

2m+ 1, that is ts(mNe3) = 2m + 1,m > 2. This graph Ne3 is called wheel graph
Wi,

Proof. The graph mNe; has 4m vertices and 6m edges and is a 3- regular graph.
From (1) and (3) we get, tes(mNes) = [9'—"{—2—] and tvs(mNe3) > fi'l‘aﬁ-[.
Therefore from (4) we get,

6m+2
3

ts(mNe3) > [ ] =2m+ 1. (8)

By (5),

ts(W,) = [2";2] n>3

Therefore ts(W3) = ts(Ne3) = 3.

The labeling for Nej is

fla) = 1; flaz) = 1; flas) = 3; f(by1) = 2; flayaz) = 1;
Haxaz) = 3; f(bia)) = 1; f(brag) = 2; f(bras) = 3.
The weights of the edges and vertices are

wi(aiaz) = 3, wi(azaz) = Tywi(biay) = 4, wt(biaz) = 5, wi(biaz) = 8;
wt(a)) = 5;wr(ap) = 7, wt(az) = 11; wt(b)) = 8.

We observe that, the weights of the edges and vertices receive distinct values.
Moreover, w(e) < 9 for every e € E(Ne3) and wr(v) < 12 for every v € V(Nes).
Hence by Theorem (1.3), we get

ts(mNes3) < m(ts(Ne3) — DN+ 1=mB-1)+1

=2m+ 1.
This implies that,
ts(mNe3) < 2m + 1. 9

18

Kopie von subito e.V., geliefert fiir Slovenska pedagogicka kniznica -The Slovak Library of Education (SLI0O8X00001E)



From (8) and (9) we get,
ts(mNe3) = ts(mW3) = 2m + 1.

Lemma 2.6. The total irregularity strength of m copies of necklace graph Ney is
3m + 1, that is ts(mNes) = 3m + 1,m > 2 and this graph is called Halin graph
H(S33).

Proof. In the necklace graph Nes, [V(Ney)| = 6 and |E(Ney)| = 9. From (1), (2)

and (3) we have
ts(Ney) > 4. (10)

The labeling for Ney is

fla) = 1; flax) = 2; flaz) = 4; flas) = 4; f(by) = 1; f(by) = 4, fla1az) = 2;
flaras) = 2; f(azas) = 3; f(biay) = 1; f(b1aa) = 1; f(baa3) = 2, f(baas) = 1.
The weights of the edges and vertices are
wt(blal) = 3',Wt(b1£12) =4, Wt(bza3) = 10; wt(b2a4) =9, wt(alaz) = 5;wt(a2a3) =
8:wt(azay) = 11;,wt(a)) = 6;wt(az) = 7,wt(az) = 1l;wit(ag) = 10;wi(by) =
4;wt(b)) = 8.

we observe that, the weights of the edges and vertices receive distinct values. This
labeling construction shows that

ts(Neg) < 4. (11)

From(10) and(11) we get
ts(Ney) = 4. (12)

The graph mNey has 6m vertices and 9m edges and is a 3-regular graph.
From (1) and (3) we get, tes(mNes) > [2113“—2] and tvs(mNey) 2 [6—”’419].
Therefore from (4) we get

Om + 2

ts(mNeg) > [ ] =3m+1. (13)

We observe that, the weights of vertices and edges of Ney4 are distinct. Moreover,
we(e) < 12 for every e € E(Nes) and w;(v) < 16 for every v € V(Ney4). Hence by
Theorem (1.3), we get

ts(mNeg) < m(ts(Neg)— D)+ 1 =md-1)+ 1

19
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=3m+ 1.

This implies that,
ts(mNeg) < 3m + 1. (14)

From (13) and (14) we get,
ts(mNeg) = ts(mH(S33)) = 3m + 1.

Theorem 2.7. For n > 5, then the total irregularity strength of necklace graph
Ne, is n, that is ts(Ne,) = n.

Proof. The vertex set V(Ne,) = {a; : 1 £i<npU{b;: 1 <i < n-2}andedge
set E(Ney) = {aiaisy 2 | i< nyU{bibiy 1 1 <@ < njUlaiby;bpaan} Ul bigis ¢
1 i< n-2} Also|V(Ne,)| = 2n -2 and |E(Ne,)| = 3n - 3, by (1), (2) and
(4) we have ts(Ne,) > n. For the reverse inequality, we define a total labeling
fiVUE - {1,2,3,...,n} by considering the following two cases:

Case (1): nis even

n, if i=1
fla)=qi-1, if2<ig<n-2
i, if i=n-1,nm

fhy=i,1<i<n
flayby) =n—-1;

n, ifi=1
i, if 2<i<|%]
i+2, if L%J+l$z,<_n—%

flaiai.y) = {

n, if i=n;
3 if 1<i<[¥]-1
flbiaiy) =3i+2, if [2]si<n-3

)
n-1, ifi=n-2;
f(bpaa,) = n;

fbibi) = {l
i+

20
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We observe that all the vertex and edge labels are at most n and the weights of the
edges and vertices are as follows:

2w+, if i=

3i-1, if2<is|¥]
wi(@ain) ={3i+ 1, if |R]+1<i<n-2
3n-3, ifi=n-1

3n, if i=n;

Ji+l, if 1l

(bib <i<
HOibiy) =
" ) 3i+3, if [%—]5

3, if 1<i<
wibiain) ={3i+2, if [&]<i
3n-4, if i=n-2;
wt(by_2a,) = 3n - 2;
wt(bia;) = 2n.

Thus the weights of edges are pair-wise distinct.
The weights of vertices are

dn—1, if i=1

n+4, ifi=2

4i-3, if3<is|Z]

4i+1,  if n=00modd).i=|2]+1
wi(a) ={4i-1, if n=1,2(mod3),i=[2]|+1
4+3, if |®|+2<i<n-3
4n-6, if i=n-2

an-5, if i=n~-|

dn -2, if i=mn;

The weights of &; has the following three subcases:

Subcase (i) : n = 0(mod3)

21
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n+2, ifi=1
4i-1, if2<is|Z|-1
wilb) = {4i+3, if i=|%

4i + 5, ifi=t J+1$i$n——3
dn-4, if i=n-2.

Subcase (ii) : n = 1(mod3)

n+2, ifi=]I

4i-1, if2<i<|%|

wi(b) ={4i+3, if i=|%[+]1

4i+5, ifi=|¥|+2<i<n-3
dn—4, if i=n-2.

Subcase (iii) : n = 2(mod3)

n+2, ifi=I

4i-1, if 25i<|Z|-1
wib) ={4i+1, if i=|%
4i+5, ifi=|%|+1<i<n-3
dn—-4, if i=n-2.
Hence the weights of the vertices are distinct.
Case (2): nis odd
Subcase (i): n = 0(mod3)
fla) =1
i—-1, if2<isn-2
Jfla) =9, .f.
i if i=n-1,m

L if 1<i<n-=3

n-1, ifi=n-2

flarap) = §; faia,) = 1; f(bposGno1) = n~1;
f(bn2an) = n; f(biay) = 2; f(b1ay) = 3;

f(bi) = {

22
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i+1, if 25is<]|4]

i+2, i 2i+1<ign-3
flaiaiy) = .f.[3]

n-1, ifi=n-2

n-1, ifi=n-1,

fbibu)=4i+4, if [4]sis
n, if i=n
i+2, if 2<i<[4]-1

biis1) =

Jbrdin) {i+3, if [4]<i<n-3.

We observe that all the vertex and edge labels are at most n. Then the weights of
the edges and vertices are as follows:

3, if i=1

6, if i=2
wil@ain) = 13i,  if 3<i<[4]

3i+1, if [3]+1<i<sn-1

n+2, ifi=mn

wilbibin) = {3i+4, if 2<i<[f]-1
3i+5, if [4]<gisn-3;
s, if i=
3i+2, if 2<i<[2]-1
3i+3, if [4]sizn
3n-3, ifi=n-2
wt(bp_2a,) = 3n — 1, wt(bia,) = 4.

wi(b;ai.1) = <

Thus the weights of the edges are pair-wise distinct. The weights of the vertices
are

23
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wi(a;) = 5

10, if i=
4i+7, if 2<i<[4]-1
4i+9, if i=|%

4i+10, if [#]+1<i<n-4
4n-3, if i=n-3

4n-2, if i=n-2.

wit(b;) = <

Hence the weights of the edges and vertices receive distinct values.

Subcase (ii) : n = 1(mod3)

flay) =1,
o fi-1, if2<isn-2
fmJ’L, if i=n—1,n;
N if 1<i<n-3
f@o-{nuh ifi=n-2;

flai@) =1; flajay) = 1; f(bp2as-1) =n~1;
fbnaay) = n; f(hiay) = 2; f(biaz) = 3,

i+1, if2<i<[g]-1
i+2, if [t]<i<n-3

aa; =
f(l +1) n—l, ifi:n_z
n—1, ifi=n-1;
i+ 3, ifls:s[g]—z
fbibiv) =35i+4, if l—%-]—l§i<n.,4
h, lfl=—-‘ﬂ—3;
24
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i+2, if2<izg|[8]-1
i+3, if [$]<i<n-3.

fbiaiy) = {

We observe that all the vertex and edge labels are at most n. Then the weights of
the edges and vertices are as follows:

(3, ifi=1
6, if i=2

wi@iain) = | 3i, if 3<i<[4]-1
3i+1, if [B]l+1<isn-1

n+2, ifi=mn

7, if i=1
wi(bibin) = {3i+4, if 2<5i<]|
3i+5, if [$]-1si<n-3

5, if i=1
3i+2, if 22i<[}]-
3i+3, if [4]<i<n
3n-3, ifi=n-2;
wt(b,_2a,) = 3n — 1, wi(byay) = 4.

wt(biai1) =

Thus the weights of edges are pair-wise distinct. The weights of vertices are

wt(a;) = {

25
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10, if i=
4i+7, if2<i<[i]-2
4i+8, ifi=[2]-
4i+10, if [§]<i<n-4
4n-3, ifi=n-3
dn-2, if i=n-2.

wi(b;) = J

Hence the weights of vertices are distinct.

Subcase (iii) : n = 2(mod3)

flay)) =1,
i-1, if2<Li<n-2
j if i=n-1,nm;

fla) = {

I if 1<i<n-3

fwo:{n—n i§i=n—2

flaiaz) = 1; flayan) = 1; f(braan-1) =n -1,
Sf(bno2an) = n; f(b1ay) = 2; f(biay) = 35

i+1, if2<i<[t]
i+2, if [3]+1sisn-3
n—1, ifi=n-2
n-1, if i=n-1;

flaiain) =

i+3, if 1<i<[
flbibi) ={i+4, if [8]-1<i
n, if i=n

iz, ifZSiS[q_l
f(b,a:+1)—{l.+3, if [3'1]51‘53;1~3.

We observe that all the vertex and edge labels are at most n. Then the weights of

26
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the edges and vertices are as follows:

3, if i=

6, if i=2
wi@ai) = {3, if 3<i<[4]

3i+l, if [4]+1<i<n—1

n+2, if i=n

7, if i=1

wi(bibini) = {3i+4, if 2<i<[8]-2
3i+5, if [4]-1<ign-3;

3
s, if i=1
3i+2, ,'fzgis[g’-]-l

wt(by_aa,) = 3n - 1;wt(bja;) = 4.

Thus the weights of edges are pair-wise distinct. The weights of vertices are

wt(a;) = <

10, if i=1
4i+7, if 2<i<[8]-2
4i+8, ifi=[]-1
4i+10, if [4]<
4n-3, if i=n-3
dn-2, if i=n-2

wi(b) = 4

Hence the weights of edges and vertices are distinct. From Cases (1) and (2), this
labeling construction shows that zs(Ne,) < n. Combining with the lower bound,
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we conclude that, ts(Ne,) = n. 0

Figure 2: ts(Nejs) = 15.

Theorem 2.8. For n > 3 and is odd, Let Ne, be a necklace graph with 2n — 2
vertices. Then the total irregularity strength of disjoint union of m > 2 copies of
necklace graph ismn — m + 1.

Proof. The graph Ne, has 2mn~2m vertices and 3mn—3m edges and is a 3-regular
graph. From (1) and (3) we get, tes(Ne,) > (1(1"—"-——3-@)—2] and tvs(Ney) = [3"—’":%’1‘”—31

Therefore from (4) we get

I(nm-my+2
3

ts(mNe,,)z[ ]:mn-m—#l. (15)

By Theorem ( 2.7), there are no two vertices and edges has the same weight.
Moreover, we(e) < 3tes(Ne,) for every e € E(Ne,) and w;(v) < 4tes(Ne,) for
every v € V(Ney,). Also, from Theorem (1.3), we get

ts(mNe,) < m(ts(Nep)) - D+ 1 =mn-D+1=mn-m+ L.

This implies that,
ts(mNep,) <mn—m+ 1. (16)

From (15) and (16) we get

ts(mNey) =mn—-m+ 1.
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